Developed a population balance equation model for emulsification in colloid mill. Derived the function for drop breakage frequency in simple shear flow. Proposed a new daughter drop distribution function for capillary drop breakage. Used a viscosity model to predict the emulsion viscosity at high shear rates. Demonstrated good agreement between measured and predicted drop size distributions. Colloid mills are the most common emulsification devices used in industry for products with high oil content. Drop breakage occurs when the emulsion is flowed through a small gap between rotor and stator under laminar shear conditions. In this paper, we have developed the first full population balance equation (PBE) model for colloid mills and used the model to better understand the relevant drop breakage mechanisms. The PBE model accounted for both drop breakage and coalescence and generated predictions of the drop size distribution after each pass of the emulsion through the colloid mill. Drops were assumed to break due to capillary instability with the distribution of drop sizes resulting from each breakage event studied in detail. A viscosity model was developed to predict the emulsion viscosity as function of the oil fraction and the high shear rates commonly used. Nonlinear optimization was used to estimate adjustable parameters in the breakage and coalescence functions to minimize the least-squares difference between predicted and measured drop size distributions for high oil-to-surfactant emulsions. We concluded that experimentally observed drop volume distributions could not be predicted with daughter drop distribution functions reported in the literature. Improved predictions were obtained using a new bimodal distribution function which captured drop breakage into multiple, nearly uniform daughter drops with a large number of small satellite drops. We also investigated model extensibility for changes in the oil fraction, emulsion flow rate and rotor speed.
Introduction
Emulsions are heterogeneous system of two immiscible liquids in which one phase is dispersed in the other phase. Oil-in-water emulsions are commonly encountered in the food, pharmaceutical, agricultural, and consumer product industries. A minimal emulsion consists of water as the continuous phase, an oil as the dispersed phase and a surfactant that stabilizes formed oil droplets. The ingredients are mixed and drop sizes are reduced by applying mechanical energy to the emulsion. The size distribution of dispersed oil drops is a critical property of the emulsion that affects rheology, stability, texture, and appearance of the final product (McClements, 2005) . The drop size distribution is known to depend on both the emulsion composition and the processing conditions (Walstra, 1993) .
Emulsions are usually prepared via a two step process. In the first step, a coarse emulsion or premix is prepared by thoroughly mixing the ingredients in a low shear device. The coarse emulsion is then passed through a high energy mechanical device such as a high pressure homogenizer or a colloid mill. High pressure homogenization is generally preferred for low viscosity emulsions (Pandolfe, 1996) because sub-micron drops can be readily generated due to the high energy input. Colloid mills are the preferred technology for highly viscous emulsions ( 4 5000 cp) commonly encountered in industry. A typical colloid mill consists of a conical rotor that rotates inside a static stator. As the emulsion is passed through the narrow gap between the rotor and stator, drop breakage occurs due to intense shearing. Additional passes of the emulsion through the colloid mill allow the drop size to be further reduced. While drop breakage in simple shear or Couette flow has been well studied (Cristini et al., 2003; Zhao, 2007; Renardy et al., 2002; Grace, 1982; Boonen et al., 2010) , drop breakage mechanisms in colloid mills are not well understood. Common practice is to assume simple or extensional shear flow, in which drops break due to capillary instability when the ratio of the viscous stress to the interfacial tension force crosses a critical value (Wieringa et al., 1996; King and Keswani, 1994; Almeida-Rivera and Bongers, 2012) .
A mathematical model that generates pass-by-pass predictions of the drop size distribution for different formulations and processing conditions would be a very valuable tool for colloid mill design and operation. Population balance equation (PBE) models have been successfully used to predict size distributions for other particulate processing devices including liquid-liquid dispersers (Alopaeus et al., 1999 (Alopaeus et al., , 2002 (Alopaeus et al., , 2003 Coulaloglou and Tavlarides, 1977; Kostoglou and Karabelas, 2001; Sovova, 1981; Sovova and Prochazka, 1981) , liquid-liquid extractors (Ruiz et al., 2002; Ruiz and Padilla, 2004; Simon et al., 2003) , and high pressure homogenizers (Hakansson et al., 2009a,b) . We have developed a series of increasingly sophisticated PBE models for high pressure homogenizers that account for both breakage and coalescence (Raikar et al., 2009 (Raikar et al., , 2010 . Perhaps due to the focus on homogenization, very few PBE models have been presented for colloid mills despite their industrial significance. Wieringa et al. (1996) developed a simple PBE model based on the assumption that the drop breakage frequency was the reciprocal of the breakage time, which in turn depended linearly on the drop size. An empirical equation for the number of daughter drops formed as a function of the capillary number was derived. Coalescence was completely neglected under the assumption that sufficient surfactant was available in solution for stabilization of newly formed drops. Also under the assumption of negligible coalescence, Almeida-Rivera and Bongers (2010) modeled the frequency of binary drop breakage to be proportional to ðd i Àd max Þ n , where d i is the drop diameter, d max is the critical drop size below which drops cannot break, and n is an adjustable model parameter. In addition to providing few insights into the relevant drop breakage mechanisms, these PBE models are not capable of accurate prediction due to their restrictive assumptions. In this paper, the first PBE model of a colloid mill is developed that includes both drop breakage and coalescence. Drop breakage was assumed to follow the usual capillary instability mechanism with the number of daughter drops formed by a breakage event studied in detail. A new daughter drop distribution function consistent with previous experimental studies was formulated to improve PBE model predictions. The drop breakage and coalescence functions depend on the emulsion viscosity. The PBE model was integrated with a viscosity model that allowed the emulsion viscosity to be predicted as a function of the oil content and extrapolated to high shear rates. Adjustable model parameters were determined by nonlinear least-squares estimation using drop size distributions measured for multiple emulsification passes. The model was used to evaluate model extensibility with respect to the oil fraction, emulsion flow rate and rotor speed.
Drop breakage and coalescence in colloid mills
When an emulsion is passed through the narrow gap between the stator and the rotor rotating at high angular velocity ( Fig. 1(a) ), drop tends to stretch due to the very high shear rate _ γ (10 4 -10 6 1/s).
When the ratio of the viscous stress acting on the drop to the interfacial tension force surpasses some critical value, a mother drop breaks into two or more daughter drops. This ratio is called the capillary number Ca and is defined as Janssen et al. (1994) Ca
where η c is continuous phase viscosity; d is the mother drop diameter; and σ is the interfacial tension. The critical value is called the critical capillary number Ca cr and depends on type of flow and the viscosity ratio of the dispersed and continuous phases
The situation is more complicated in high oil emulsions because droplets interact with each other. In this case, the continuous phase viscosity η c in the capillary number must be replaced by the apparent emulsion viscosity η em and the viscosity ratio must be modified accordingly ðλ ¼ η d =η em Þ.
Drop breakage in laminar shear flow is known to be very complex. When the capillary number is just slightly larger than the critical value such that 1 r Ca=Ca cr r 2, a drop breaks into two nearly equally sized daughter drops by an end-pinching mechanism (Region A in Fig. 1(b) ) (Janssen et al., 1994; Wieringa et al., 1996; Zhao, 2007) . When Ca=Ca cr 4 41 and 0:1 o λo1, a drop breaks into many nearly equally sized daughter drops by a capillary mechanism (Region C in Fig. 1(b) , (c)). When Ca=Ca cr 4 41 and λ41, a drop breaks into many unequally sized daughter or satellite drops (Region B in Fig. 1(b) , (c)) (Zhao, 2007; Cristini et al., 2003) . Adding to the complexity, Ca cr is known to depend on the type of flow field in addition to the viscosity ratio. For example, drops with λ44 will almost never break in simple shear flow because Ca cr is too large, but such drop can break in extensional shear flow as Ca cr is much smaller (Fig. 1(d) ). Furthermore, Taylor vortices can appear in the flow field when the Taylor number (Ta) exceeds some critical value (Ta cr ), which depends on the Reynolds number of flow. Taylor vortices have been experimentally observed for Reynolds number above 800 (Li et al., 2010) . Simple calculations show that our emulsions prepared at 10 and 30 wt% oil will break due to Taylor vortices (Almeida-Rivera and Bongers, 2010) and not due to shearing in simple shear flow ( Fig. 1(b) ). The implications of this behavior for PBE modeling are discussed below.
Although colloid mills are designed to promote drop breakage, colliding drops may coalesce under certain conditions. The coalescence rate is determined by the frequency of collisions and the probability that a collision event will produce coalescence. The collision frequency depends on the local flow field, which is characterized by the local shear rate under laminar shear flow (Klink et al., 2011) . By contrast, the coalescence probability depends on the ratio of the contact time between drops and the time required for drainage of the liquid film between the drops. The film thickness and drainage time depend on the drop capillary number and the viscosity ratio (Chesters, 1991) . Experiments have shown that smaller drops (i.e. drops with smaller capillary numbers) have higher coalescence probabilities than larger drops, primarily because small drops have small film thicknesses (Chesters, 1991) .
Experimental methods

Materials
Oil-in-water emulsions were prepared using commercial sunflower oil as the dispersed phase and ultrapure water as the continuous phase. A high oil-to-surfactant ratio (10:1) was used to mimic typical industrial conditions that promote drop coalescence. The base case emulsion (Table 1) consisted of 30 wt% oil, 3 wt% Pluronic F-68 surfactant (Sigma) and the remainder water. Other formulations with a 10:1 oil-to-surfactant ratio were used to cover a wide range of oil contents (10 wt% oil, 1 wt% Pluronic F-68; 50 wt% oil, 5 wt% Pluronic F-68; 70 wt% oil, and 7 wt% Pluronic F-68).
Emulsion preparation
Coarse emulsions were prepared by mixing the ingredients using a high shear mixer (LT5, Silverson). The coarse emulsion was passed through the colloid mill (Presto Mill PM30, Oskar-Krieger Ltd.) to achieve drop size reduction. Multiple emulsification passes were performed by repassing the emulsion through the colloid mill to further reduce the drop size. After each pass, approximately 2 ml of the emulsion was sampled to analyze the drop size distribution. Emulsions were prepared at two different rotor speeds (5000, 10,000 RPM), three different flow rates (16, 35, 70 kg/h) and two different gap sizes (2, 8 mm) to test their impact on the drop size distribution. 
Emulsion characterization
Drop size distributions were measured using a static light scattering device (Mastersizer 2000, Malvern Instruments). Viscosities and the interfacial tension were measured prior to each homogenization experiment. Emulsion and dispersed phase viscosities were measured using a rheometer (2000EX, TA instruments) at 25 1C. The oilwater interfacial tension was measured by drop shape analysis (DSA-10 Tensiometer, KRUSS Instruments) at 25 1C.
Theory
Population balance equation (PBE)
The population balance equation (PBE) is particle number balance that accounts for rates of particle creation and disappearance (Ramkrishna, 2000) . Although the gap region where breakage occurs is non-homogeneous (see Fig. 1 (c)), we model the colloid mill as a well mixed system to avoid the complexities associated with modeling spatially dependent flow fields through computational fluid dynamics (Drumm et al., 2009; Zhang et al., 2009) . The resulting PBE is (Coulaloglou and Tavlarides, 1977; ∂nðv; tÞ ∂t ¼ ÀgðvÞnðv; tÞþ
where v is the volume of the droplet; nðv; tÞ dv is the number of drops with volume in the range ½v; v þ dv at time t; βðv; v 0 Þ is the daughter drop distribution function which represents the probability of forming a daughter drop of size v from breakage of a mother drop of size v 0 ; g(v) is the breakage frequency which represents the fraction of drops of volume v breaking per unit time; and Cðv; v 0 Þ is the coalescence frequency which represents the rate at which drops of size v and size v 0 coalesce. The first and third terms on the right hand side of Eq. (2) account for disappearance of drops of size v due to breakage and coalescence, respectively, while the second and fourth terms account for the appearance of drops of size v. The functions that describe the breakage and coalescence processes, namely g(v), βðv; v 0 Þ and Cðv; v 0 Þ, are described below.
The PBE (2) describes the evolution of the number of drops of different sizes nðv; tÞ dv, while standard particle size analyzers provide measurements of the volume percent distribution. Under the reasonable assumption that drops are spherical, the volume percent distribution of drops can be represented as follows:
where n p ðv; tÞ dv is the volume fraction of drops in the range ½v; v þ dv at time t and V tot is the conserved total volume of the drops. The PBE (2) can be reformulated in terms of n p ðv; tÞ to yield Table 3 Daughter drop distribution functions. Hill and Ng (1996) Beta function: p daughter drops form with equal probability of daughter drops of any size (v o v 0 ) being formed due to breakage of a mother drop of size v
Bell-shaped distribution function: mother drop breaks into two nearly equal sized daughter drops
Liao and Lucas (2009) U-shaped distribution function: mother drop breaks into two unequal sized daughter drops 
PBE functions
The PBE (2) contains three functions (gðvÞ; βðv; v 0 Þ; Cðv; v 0 Þ) that must be specified to compute the drop size distribution. The coalescence frequency Cðv; v 0 Þ of drops of size v and v 0 can be modeled as the product of the drop collision frequency Fðv; v 0 Þ and the coalescence efficiency Eðv; v 0 Þ (Coulaloglou and Tavlarides, 1977) . For the case of simple shear flows, the coalescence frequency can be calculated as function of the shear rate _ γ and the oil volume fraction ϕ as follows (Klink et al., 2011) :
where K 1 is an adjustable model parameter. The average shear rate in Couette flow is calculated from rotor speed (ω) by
where R 1 is the radius of the rotor and R 2 is inner radius of the stator. The coalescence efficiency depends on the contact time between two drops and the time required for drainage of the liquid film between the two drops. If the contact time exceeds the film drainage time, the drops will coalesce. We used the following expression originally derived for the coalescence efficiency of partially mobile, deformable drops (Chesters, 1991) : where v eq is the equivalent diameter of colliding drops of volume v and v 0 , A is Hamaker constant and K 2 is an adjustable model parameter.
We assumed that the drop breakage frequency g(v) is determined by the capillary number Ca of the drop. If Ca is more than the critical capillary number Ca cr , the drop will stretch under shear flow and break into smaller daughter drops. The following expression was derived under the assumption that the breakage frequency is proportional to the shear rate _ γ: 
Due to high Reynolds numbers (Table 2) , drop breakage in our emulsions prepared at 10 and 30 wt% oil is expected to be caused by Taylor vortices (Almeida-Rivera and Bongers, 2010) and not by simple shear flow ( Fig. 1(b) ). Unlike drop breakage in simple Couette flow, the breakage of drops in Taylor vortices is not well studied. Drops smaller than the Taylor vortices break due to viscous shear when the shear stress ðη em _ γ TV Þ becomes more than the Laplace pressure (4σ=d).
Thus the breakage frequency would be expected to depend on the ratio of local viscous shear stress to the surface tension force. Because no method is available to calculate the local shear rate in Taylor vortices, we assumed the average local shear rate to be proportional to the rotor speed for simplicity. The breakage frequency function (8) was derived assuming the frequency depends on the ratio of the viscous stress to the surface tension force as represented by the capillary number. Therefore we used the breakage frequency function (8) with Ca cr ¼ 1 and a distinct set of adjustable constants (K 3 , K 4 ) to describe drop breakage due to Taylor vortices. Based on our previous work on PBE modeling of high pressure homogenizers , we considered the beta function as the daughter drop distribution function βðv; v 0 Þ (see Table 3 ). The beta function describes the breakage of a mother drop of size v 0 into p daughter drops with the equal probability of daughter drops of any size (v ov 0 ) being formed. In this paper, the number of daughter drops p ¼15. We have found that PBE model predictions are not highly sensitive to this parameter as long as p is sufficiently larger. We also investigated the other commonly used drop distribution functions listed in Table 3 .
We also formulated a new daughter drop distribution function that better captured drop breakage under laminar shear flow conditions commonly encountered in colloid mills. When the viscous shear force overcomes the surface tension force, drops elongate and break to form large number of very small satellite drops (Zhao, 2007) . Hence, the following bimodal daughter distribution function (Fig. 2) was formulated:
where M 2 is a parameter that determines the size of satellite drops and M 3 is a parameter that determines the relative probability of forming smaller drops and satellite drops. The parameter M 1 is chosen to ensure that the following volume conservation equation is satisfied:
The choice of the parameters M 2 and M 3 is discussed below. The bimodal distribution function is valid for emulsions with viscosity ratios greater than one. For emulsions with viscosity ratios less than one, a mother drop breaks into nearly uniform daughter drops due to stretching in the shear flow (Zhao, 2007) . For this situation, a new uni-modal function was developed
where M 5 is a parameter that determines the size of daughter drops and M 4 is a parameter that ensures volume conservation by satisfying equation (11). The choice of the parameter M 5 is discussed below. All the daughter drop distribution functions used in this study are plotted in Fig. 2 for comparison. The parameters M 2 and M 3 in the new bimodal function (Eq. (10)) were chosen to yield a small peak at larger drop sizes to capture the formation of a small number of large drops and a large peak at small drop sizes to capture the formation of very large number of small satellite drops. We found that model predictions were relatively insensitive to the value of M 5 in the new unimodal function (Eq. (12)) which was chosen to yield 15 equally sized daughter drops from breakage of a mother drop by satisfying following equation for average number of daughter drops (p) (Kumar and Ramkrishna, 1996) :
Emulsion viscosity model
Typically the continuous (water) phase viscosity is used to calculate the capillary number (Janssen et al., 1994) . To capture the apparent viscosity of the fluid surrounding the drops, the continuous phase viscosity should be replaced with the emulsion viscosity for non-dilute oil mixtures. To generate a predictive model, the emulsion viscosity η em must be calculated from known variables including the shear rate γ, the oil volume fraction ϕ, density ρ d and viscosity η d , the continuous phase density ρ c and viscosity η c , the surfactant concentration and the temperature T. Several models have been developed predicting the emulsion viscosity from these variables (Derkach, 2009; Pal, 2001; Jansen et al., 2001; Barnes, 1994) . At very low shear rates, the oil drops exist in a three-dimensional isotropic and random distribution resulting in a constant viscosity. As the shear rate increases, the drops start to align along the stream lines and the viscosity decreases due to reduced resistance to the fluid flow. At very high shear rate, drops cannot align any further and the emulsion behaves as a Newtonian fluid with a constant viscosity. Assuming no temperature change during emulsification, the emulsion viscosity was predicted as a function of the shear rate using the following model (Jansen et al., 2001 ):
where d 32 is the Sauter mean diameter of the emulsion drops; d m is hydrodynamic diameter of the surfactant molecule (assumed to be 30 A o based on typical values of d m ); ϕ c is the critical oil volume fraction above which drops are in close contact and the interaction mechanism changes (assumed to be 0.6 from Jansen et al., 2001) ; k is the Boltzmann constant ð1:38 Â 10 À 23 J=KÞ; K λ , K, m, and a 1 are fitting parameters for ϕrϕ c ; and a 2 and a 3 are additional fitting parameters for ϕ4ϕ c . As the shear rate _ γ in increased, the ratio η em =η c asymptotically approaches the value η 1 . Therefore, the model (14) can be extrapolated to very high shear rates (4 10 4 1/s) to calculate the emulsion viscosity inside a colloid mill. The viscosity model parameters were estimated by minimizing the least square error between measured and predicted viscosity values over a range of shear rates and oil fractions. The minimization problem was solved with the Matlab function lsqnonlin.
Dynamic simulation and parameter estimation
The PBE (2) was solved numerically by approximating the integral expression using the fixed pivot technique (Kumar and Ramkrishna, 1996) with 100 equally spaced node points. While there were small changes in solutions after increasing the number of node points, these small improvements were accompanied by substantial increases in the computational cost for simulation and optimization (see below). Following volume discretization, 100 nonlinear ordinary differential equations were obtained in which time was the independent variable and the volume percent distribution at each node point were the dependent variables. The ODEs were solved by specifying the measured volume percent distribution of the coarse emulsion as the initial condition n p ðv; 0Þ for the first pass through colloid mill. Each pass corresponded to the colloid mill residence time t res , calculated as the ratio of volume between stator and rotor to the volumetric flow rate through the unit. The initial condition for each subsequent pass was the predicted volume percent distribution from the previous pass. The Matlab integration code ode15s was used to solve the ODE system. Given a prespecified daughter drop distribution function, the constants K 1 ÀK 4 in the coalescence and breakage functions were estimated from base case emulsification experiments (30 wt% oil, 3 wt% surfactant). The data used for parameter estimation consisted of the bulk emulsion properties (ϕ, σ, η em ), operating conditions ( _ γ, t res ), the measured premix volume distribution ðn p ðv; 0ÞÞ, and measured volume distributions n p ðv; tÞ for four passes through the colloid mill. The 100 ODEs obtained from volume discretization of the PBE model were temporally discretized using orthogonal collocation with 12 finite elements and 2 internal collocation points per element to produce a large set of nonlinear algebraic equations. Each pass corresponded to 3 finite elements. This set of algebraic equations was posed as a set of equality constraints in the nonlinear optimization problem. We found that additional spatial node points, finite elements, and/or collocation points did not affect the parameter estimates but increased the computational effort significantly. The least-square objective function Ψ used for parameter estimation was
1 where n p ðv j ; iÞ is the measured value of the drop volume distribution at drop volume v j and emulsification pass i;n p ðv j ; iÞ is the corresponding predicted value from the discretized PBE model; n is the total number of spatial node points; and N ¼4 is the number of passes. The objective function was minimized subject to equality constraints representing the discretized PBE as well as continuity conditions across the finite elements. The optimization problem was formulated in AMPL (Fourer et al., 2003) and solved with the nonlinear program solver CONOPT (Drud, 1994) . Furthermore, values of the objective function Ψ were used to judge the quality of model predictions for different experiments.
Results and discussion
Prediction of emulsion viscosity
The adjustable parameters in the viscosity model (Eq. (14)) were estimated from the emulsion viscosity data shown in Fig. 3 and from d 32 values computed from measured drop size distributions. Data were collected over a range of oil fractions (10-70 wt%) and shear rates (1-1000 1/s) determined by the operating limits of our rheometer. As the oil fraction was increased, the emulsion viscosity was observed to increase several orders of magnitude. Model predictions extrapolated to low and high shear rates are also shown in Fig. 3 . Although not highly accurate, the model predictions captured the large changes in emulsion viscosity observed experimentally as the oil fraction was varied. The emulsion viscosity η em used in the PBE model was computed from the viscosity model as the plateau value at high shear rates.
Evaluation of daughter drop distribution functions
The adjustable parameters K 1 À K 4 in the breakage and coalescence frequency functions were estimated from experimental data collected at the base case conditions (Table 1) to determine the most appropriate daughter drop distribution function. First parameter estimation was performed for each of the distribution functions shown in Table 3 . The bell-shaped and U-shaped daughter drop distributions failed to capture the small peak at small drop sizes observed experimentally (Fig. 4(a), (b) ). The U-shaped function also produced poor predictions at larger drop sizes, suggesting that most breakage events do not produce a single small drop and a single large drop. We also performed parameter optimization using the beta daughter drop distribution function with p ¼20 daughter drops (Fig. 4(c) ) and p¼ 200 daughter drops (Fig. 4(d) ). Although the predicted drop size distributions matched well with data in the large drop size range, the models again failed to capture a second peak at small drop sizes. When predicted drop size distributions were converted to number distributions and compared to data, all fours daughter distributions were observed to produce large predictions errors (Fig. 5) .
Next the proposed bimodal daughter distribution (Eq. (10)), which captures the breakage of drops into a relatively small number of larger drops and many small satellite drops, was used for parameter estimation. Based on preliminary simulation results (not shown), the parameters M 2 À M 3 in the bimodal distribution that produced the best fit of the base case drop volume distribution data were determined as M 2 ¼ 38:3 and M 3 ¼ 5:832 Â 10 3 .
With these parameter values fixed, the adjustable parameters K 1 À K 4 in the breakage and coalescence frequency functions were estimated as before. The bimodal distribution function produced substantially improved predictions of the volume and number drop size distributions as well as very accurate predictions of the Sauter mean diameter d 32 (Fig. 6 ). This bimodal distribution function was used throughout the remainder of the study.
Effect of oil volume fraction
The oil fraction was expected to have a strong impact on the drop size distribution, with higher oil fractions producing more drop collisions and smaller drop sizes. To investigate this effect, emulsification experiments were performed using four different oil fractions (10, 30, 50, 70 wt%) while maintaining a constant oilto-surfactant ratio (10/1). The colloid mill operating variables were held constant at their base values (5000 RPM rotor speed, 16 kg/h flow rate, 2 mm gap size). Because emulsions with 70 wt% oil became too viscous to process after several passes through the colloid mill, drop volume distributions were collected only for the first two passes. The Sauter mean diameter was observed to decrease with increasing oil fraction ( Fig. 7(d) ) due to increased viscous shear stress. As has been previously reported (Zhao, 2007) , bi-model drop size distributions were produced because large viscosity ratios tend to cause drop stretching with filaments that generate many small satellite drops in addition to larger daughter drops. Larger viscosity ratios were expected to produce a larger number of daughter drops due to increased stretching. While in principle this behavior could have been captured by making the daughter drop distribution function a function of the viscosity ratio, this approach would be complex and lead to difficult optimization problems.
Instead, the adjustable parameters K 1 À K 4 were estimated for each oil fraction separately such that the breakage frequency would increase with increasing viscosity ratio. The PBE models 1 As npðv j ; iÞ has some values equal to zero, least square errors were normalized by sum of npðv j ; iÞ 2 to avoid the denominator to go to zero.
produced satisfactory predictions of measured drop size distributions at 10, 30, and 50 wt% oil (Fig. 7) . Moreover, the models were able to properly balance drop breakage and coalescence such that the predicted drop size distributions did not substantially change after the first pass as observed experimentally. For the 70 wt% oil emulsion, the viscosity ratio was less than one and drop breakage was expected to follow the proposed uni-modal daughter distribution function (Eq. (12) adjustable model parameters K 1 À K 4 with the uni-modal distribution function, the PBE model produced accurate predictions of the measured drop volume distributions (Fig. 8) .
Effect of flow rate
The flow rate through the colloid mill affects the residence time, which in turn influences the degree of drop breakage. Higher flow rates are preferred to increase process throughput, while lower flow rates produce smaller drops. To investigate these trade offs, emulsification experiments were performed at three different flow rates (16, 35, 70 kg/h) at high rotor speed (10,000 RPM) using emulsions with 50 wt% oil. As expected, increasing flow rates resulted in the formation of relatively large drops (Fig. 9(d) ). The flow rate effect was most dominant at the highest flow rate (70 kg/h) where the residence time was not sufficiently large to allow complete drop breakage, while the drop sizes obtained at the smaller flow rates (16, 35 kg/h) were very similar. To examine the ability of the PBE model to predict this trend, the parameters K 1 ÀK 4 in the drop breakage functions and the parameters M 2 and M 3 in the daughter drop distribution function were estimated from data collected at a flow rate of 16 kg/hr and used without reestimation to predict the drop volume distributions at the two higher flow rates. Only the residence time, calculated as the ratio of the volume between the stator and rotor to the volumetric flow rate, was varied between the three cases. The model produced very good agreement with the measured distributions at 16 kg/h ( Fig. 9(a) ) and 35 kg/h (Fig. 9(b) ). However, the model overpredicted the degree of drop breakage for the first and forth passes at 70 kg/h (Fig. 9(c) ). These results suggest that some further model refinements may be needed to more accurately predict the flow rate effect.
Effect of rotor speed
According to Eq. (6), the shear rate is directly proportional to the rotor speed. Consequently, the rotor speed was expected to have a strong impact on the drop size distribution with increased drop breakage resulting from increased rotor speeds. To investigate this effect, emulsification experiments were performed at two rotor speeds (5000, 10,000 RPM) over a range of oil fractions (10, 30, 50, 70 wt%) . For each oil fraction, the PBE model parameters K 1 À K 4 , M 2 and M 3 were estimated from data collected at 5000 RPM and used to predict drop volume distributions at 10,000 RPM. In the case of 70 wt% oil, the emulsion was too viscous to be processed at 10,000 RPM and data was collected from a single pass at 8000 RPM. While the model predictions were generally satisfactory at 10 wt% ( Fig. 10(a) ) and 30 wt% (Fig. 10(b) ) oil, the model overpredicted drop breakage and/or under-predicted drop coalescence at 50 wt% (Fig. 10(c) ) and 70 wt% oil (10(d)). One possibility for improving model predictions at high oil fractions is to allow the shear rate to depend nonlinearly on the rotor speed. This modification along with other attempts to improve model extensibility would require additional research.
Conclusions
We developed a population balance equation (PBE) model to predict drop size distributions in the colloid mill emulsification process. The model accounts for drop breakage due to capillary instability, drop coalescence due to shear driven drop collisions, and the effects of emulsion viscosity on the breakage and coalescence rates. We used the model to investigate drop breakage mechanisms and to examine predictive capability for changes in operating conditions. A published emulsion viscosity model was fit to viscosity data collected over a range of shear rates and oil fractions and extrapolated to very high shear rates for use within the PBE model. Our colloid mill produced bimodal drop size distributions that could not be predicted with functions commonly used for the daughter drop distribution, which determines the number and size of the drops that result from a breakage event.
We proposed a new bimodal daughter distribution function that captured the formation of many small satellite drops and produced acceptable drop distribution predictions with respect to both volume percent and absolute number. While this bimodal distribution function proved satisfactory for emulsions with 10-50 wt % oil, a unimodal distribution function that captured more uniform drop breakage was used at 70 wt% oil to generate acceptable predictions. The oil fraction, flow rate and rotor speed were varied to examine model extensibility to new operating conditions with adjustable model parameters estimated from drop volume distribution measurements collected at a different operating condition. The model was reasonably extensible to different flow rates, while prediction accuracy for changes in rotor speed was less satisfactory. We believe our model represents the first attempt to develop a full PBE description of the colloid mill process and will provide a template for future research efforts aimed at predicting emulsion size distributions.
